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Numerical and analytical study of natural convection in a vertical porous cavity filled with a non-Newtonian binary fluid is
presented. The density variation is taken into account by the Boussinesq approximation. A power-law model is used to
characterize the non-Newtonian fluid behavior. Neumann boundary conditions for temperature are applied to the vertical
walls of the enclosure, while the two horizontal ones are assumed impermeable and insulated. Both double-diffusive
convection (a = 0) and Soret-induced convection (a = 1) are considered. Scale analysis is presented for the two extreme
cases of heat-driven and solute-driven natural convection. For convection in a thin vertical layer (A > 1), a semianalytical
solution for the stream function, temperature, and solute fields, Nusselt and Sherwood numbers are obtained using a
parallel flow approximation in the core region of the cavity and an integral form of the energy and constituent equations.
Numerical results of the full governing equations show the effects of the governing parameters, namely the thermal Rayleigh
number, Ry, the Lewis number, Le, the buoyancy ratio, @, the power-law index, n, and the integer number a. A good
agreement between the analytical predictions and the numerical simulations is obtained. © 2012 American Institute of
Chemical Engineers AIChE J, 58: 1704-1716, 2012

Keywords: non-Newtonian fluid, power-law model, porous media, binary solution

Introduction Earlier studies on this topic are concerned with the so-called
double-diffusive convection for which the solutal fields are
induced by the imposition of given solutal boundary condi-
tions along the vertical side walls. The pioneering investiga-
tion on this configuration seems to be due to Trevisan and
Bejan' who investigated double-diffusive convection in a po-
rous cavity with the two side walls maintained at different
temperatures and solute concentrations. Both analytical and
numerical results were reported by these authors. The same
problem was also considered by Trevisan and Bejan® for the
case of constant gradients of temperature and solute concen-
tration applied on the vertical walls. Using numerical and
analytical methods and scale analysis, this problem was
re-examined for the cases of cooperative (Alavyoon3) and

Recently, the phenomenon of natural convection induced
by two sources of buoyancy, through porous media, has
been studied extensively due to its importance in many natu-
ral and industrial problems. These include petroleum extrac-
tion, underground diffusion of nuclear wastes and other con-
taminants, prevention of subsoil water pollution, porous
material regenerative heat exchangers, solidification of
binary mixtures, and so forth.

Available studies on natural convection in a binary fluid
confined in a porous media are concerned mostly with the
classical rectangular cavity heated from the vertical walls.

Correspondence concerning this article should be addressed to Z. Alloui at opposing (Alavyoon et al 4) constant fluxes of heat and mass
z.alloui@polymtl.ca. . o N

imposed on the vertical walls. For opposing buoyancy

© 2012 American Institute of Chemical Engineers forces, the possible existence of oscillating convection was
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demonstrated numerically by these authors. Also, for this sit-
uation, the existence of multiple solutions has been demon-
strated analytically by Mamou et al>® The transition
between aiding and opposing double-diffusive flows in a ver-
tical porous cavity has been investigated by Amahmid
et al.”® It was demonstrated that two types of solutions exist
in which thermal and solutal buoyancy forces oppose each
other and are of comparable intensity. The special case for
which the flow is driven by thermal and solutal buoyancy
forces of equal and opposing intensity has been investigated
by a few authors. For this situation, the rest state is a possi-
ble solution and convection occurs above a critical Rayleigh
number. The onset of convection has been investigated by
Mamou et al.”'* and Charrier-Mojtabi et al.,'' on the basis
of the linear stability theory, for the case of a cavity with
the vertical walls kept at different but uniform temperatures
and solute concentrations. The case of an inclined cavity has
been considered by Mamou et al.'? The critical stability lim-
its were delineated in terms of the governing parameters of
the problem. A numerical simulation of double-diffusive
conjugate natural convection in an enclosure has been con-
ducted by Kuznetsos and Sheremet.'®> The effects of finite
thickness walls on the Nusselt and Sherwood numbers are
discussed. A few studies have also be devoted to natural
convection of a binary fluid induced by the phenomenon of
thermal diffusion, also known as the Soret effect. For this
situation, when a temperature gradient is applied to a binary
mixture, initially homogeneous, thermal diffusion takes
place, giving rise to a solutal gradient. Lorenz and Emery14
investigated analytically the concentration field induced by
the Soret effect in a vertical porous cavity heated isother-
mally from the sides. This theory was reconsidered by
Dutrieux et al."” for the case of a porous medium modeled
on the basis of the Brinkman equation. Chavepeyer and Plat-
ten'® studied numerically the thermogravitational separation
in a porous cavity saturated by a binary mixture. For random
models of porous media, it was found that the Soret coeffi-
cient is independent of the presence of obstacles when con-
sidering a simple thermal diffusive regime. The onset of
convection in a vertical porous medium, under the influence
of the Soret effect, has been investigated by Marcoux et al.'’
for the particular situation where the buoyancy forces
induced by the thermal and solutal forces are opposing and
of equal intensity. The same problem has been reconsidered
by Joly et al.'"® on the basis of Brinkman-extended Darcy
model. An analytical solution for finite amplitude convection
was found to be in good agreement with the numerical
results obtained by these authors. Recently, convection in a
horizontal porous enclosure heated and salted from the sides
has been investigated by Er-Raki et al." The influence of
the Soret parameter on the onset of subcritical bifurcation
was discussed by these authors. Mojtabi and coworkers®®
investigated the Soret-driven convection in a shallow porous
horizontal slot submitted to a heat flux. The species separa-
tion between the two vertical ends of the cell was predicted
in terms of the governing parameters of the problem.

In all the above studies, the binary solutions, saturating
the porous media, are assumed to be Newtonian fluids.
However, in many practical applications, the fluid is charac-
terized by a complex rheological behavior such that a
Newtonian assumption is inappropriate. Examples include
petroleum drilling, chemical reactor design, polymer engi-
neering, geophysical systems, certain separation processes,
and so on. Despite this fact, studies focussing on natural
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convection in a porous cavity filled with a non-Newtonian
binary fluid are only a few. A numerical and theoretical
study of double-diffusive natural convection within a rectan-
gular porous cavity saturated by a non-Newtonian fluid, and
characterized by a power-law model, has been conducted by
Getachew et al.>' The order of magnitude predictions for the
overall heat and mass transfer rates were demonstrated to be
in good agreement with numerical results obtained by dis-
crete numerical experiments. The case of a shallow cavity
heated by constant heat and solute fluxes imposed across the
vertical walls of enclosure has been investigated by Benhadji
and Vasseur.”> The problem was solved analytically, on the
basis of the parallel flow approximation, in the limit of a
thin layer. Solutions for the flow fields, Nusselt and Sher-
wood numbers are obtained in terms of the governing pa-
rameters of the problem. The effects of the Rayleigh and
Lewis numbers, buoyancy ratio, and the power-law index of
the fluid on the average Sherwood and Nusselt numbers are
discussed by these authors.

This study focuses on natural convection problem inside
vertical rectangular porous enclosure filled with a non-New-
tonian binary fluid. The cavity is submitted to uniform heat
fluxes from its vertical sides, while its horizontal boundaries
are insulated and impermeable. The power-law model is
adopted to characterize the non-Newtonian fluid behavior.
The porous medium considered here is modeled according to
the Darcy formulation. The differential equations describing
the physical model are formulated in a standard manner
assuming the validity of the Boussinesq approximation. The
numerical and analytical results presented here are relevant
to a better understanding of natural convection in a porous
cavity filled with a non-Newtonian binary fluid.

Problem Definition

The system under consideration is a two-dimensional cav-
ity, filled with a porous medium saturated by a binary non-
Newtonian fluid, of height H" and width L'. The origin of
the coordinate system is located at the center of the enclo-
sure with x’, the horizontal axis, pointing to the right and y/,
the vertical axis pointing in the opposite direction of the
gravity force. A uniform constant heat and mass density of
fluxes, ¢’ and (1 — a)/, respectively, are applied along the
two vertical walls. All the boundaries are hydrodynamically
impermeable. The binary fluid is assumed to satisfy the
Boussinesq approximation. The density variation with tem-
perature and concentration is described by the state equation
p = poll = Bp(T' —T}) — By(N — No)] where pq is the fluid
mixture density at temperature 7' = T, and mass fraction of
the reference component N = N, 7 and fy are the thermal
and mass species expansion coefficients, respectively. The
subscript o refers to condition at the origin of the coordinate
system. The mass fraction of the denser component of the
mixture, Ny, is assumed to be initially uniform.

The phenomenological equations relating the flux of heat
¢’ and matter ﬁ to the thermal and solute gradients present
in a binary fluid mixture are given by (see for instance, De
Groot and Mazur?)

g = —kvr M
j' = —pDVN — apD'Ny (1 — No)VT’ 2

where a defines double-diffusive convection (¢ = 0) or Soret-
induced convection (¢ = 1), k and D are the thermal
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conductivity and the molecular (or isothermal) diffusion
coefficient of species, and D’ is the thermodiffusion coeffi-
cient. The second term, in the right hand side of Eq. 2,
describes the Soret effect, that is, mass separation due to a
temperature gradient.

The non-Newtonian fluids considered here are those for
which the rheological behavior can be described by the
power-law model, proposed by Pascal,>* whose expression,
in term of apparent viscosity, is

(n—1) !
= 2
/ 2 2\ 2 n
H, =¢elu +v &= —
( ) 8(”“)/2([(’(;5)(" 1>/2(n/(1+3n))"

3

where K’ and ¢ are the permeability and the porosity of the
porous medium, respectively, i, is the apparent viscosity, ¢ is a
parameter in power-law model, i’ is the consistency index, and
n is the power-law index. In the above model, the rheological
parameters 1’ and n are assumed to be temperature independent.

The following dimensional variables (primed quantities
are dimensional) are used

() = ()L (uv) = @ V) Jo 1 =1o)(aL”)
Y=W/a T=(T-Ty)/AT AT =4L/k (4)

S=N/AN  p, = 1, /[e(o/L))" "]

where AN =/ /pD for double-diffusive convection,
AN = —Ny(1 — No)AT'D'/D for Soret-driven convection,
and o = (pC),/(pC); is the heat capacity ratio.

Using the above equations, the dimensionless governing
equations describing conservation of momentum, energy, and
concentration are given as

oY ou, OYou oT s

2y o | a - Yl i st

V= [8}1 Jy * Ox Ox JrRT(E)erqDax)} ©)
oS oYor oYor )
[§+87y§7§a7} = VT (6)

o T ayox oxdy| Le' 7

n—1
ov\*  [ow\’|°’
= || = - 8
e |G () ®
where as usual, to satisfy the continuity equation, the stream
function ¥ is defined such that u = 0¥ /9y, v = —0¥/0x.

The nondimensional boundary conditions over the walls of
the enclosure are

[as owos ow as] 1,

1 or oS or
X—:l:i, \P—O, a—l, a—(l—a)‘i'aa (9)
A oT oS

y X 0; a0 5y 0 (10)

where A = H'/L' is the cavity aspect ratio.

In Eqgs. 5-10, one must notice the presence of six dimen-
sionless governing parameters, namely the modified thermal
Rayleigh number Ry, the Lewis number Le, the buoyancy
ratio ¢, the power-law index n, the aspect ratio A, and
constant a, defined as
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Rr = K'pogPrAT (L' /)" /e, Le = o/D (11
¢ = ByAN/BrAT', A =H'/L'

The heat and mass transfer rates, expressed in terms of
the Nusselt and Sherwood numbers, respectively, can be
computed from the following expressions

_qL/i 1
N = T = T(1/2,0) = T(=1/2,0) (12
sn=TE/D _ : (13)

AS  S(1/2,0) —S(—1/2,0)

where AT and AS are the side to side temperature and
concentration differences, respectively. As AT and AS are y
independent, they are arbitrary evaluated at y = 0.

Equations 5-8, together with the boundary conditions 9
and 10 then completely determine the problem in terms of
the governing parameters (Eq. 11). In the following sections,
both analytical and numerical solutions are discussed.

Numerical Solution

The solution of the governing equations 5-8 and boundary
conditions 9 and 10 is obtained using a finite difference
method with uniform grid size. The energy and the concentra-
tion equations were solved using the alternating direction
implicit (ADI) method. The stream function field was solved
using over relaxation method and known temperature and con-
centration distributions. A first-order backward finite difference
scheme is used to discretize the temporal terms appearing in
the governing equations. A line-by-line tridiagonal matrix algo-
rithm with relaxation is used in conjunction with iterations to
solve the nonlinear discretized equations. We consider that
convergence is reached when X", (bf — bf=1)/E7 bk < 1076
is satisfied, where b stands for W, T, and S. A further
decrease of the convergence criteria 10™° does not cause any
significant change in the final results. Numerical tests have
been performed to determine the minimum aspect ratio above
which the flow can be assumed to be parallel. In the range of
the parameters considered in this investigation, it was found
that the numerical results can be considered independent of
the aspect ratio when A > 4. For this reason, all the numerical
results reported here were obtained for A = 4 with 60 x 180
mesh points.

Typical numerical results are presented in Figures la—c
for different values of n, Rz = 200, ¢ = 1, Le = 10, a = 0
(double—diffusive driven convection). On the graphs, stream-
lines, isotherms, and isoconcentrates are presented from left
to right. The numerically calculated maximum stream func-
tion (Way), heat transfer (Nu), and mass transfer (Sh) are
also given with each graph for reference. In these figures,
the streamlines are equally spaced between ¥ = 0 on the
boundaries and the maximum value W, Also, the iso-
therms are equally spaced between T, and T, and the
isoconcentrates between S, and S,in. The case n = 1 cor-
responds to a Newtonian fluid for which, as illustrated in
Figure 1b, the flow, temperature, and concentration fields are
similar to those reported in literature by past investigations
(see for instance Boutana et al.zs). Figures la—c clearly illus-
trate the fact that for a tall cavity (A > 1), the flow in the
core of the enclosure is essentially parallel, while the tem-
perature and concentration are linearly stratified along the
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Figure 1. Typical streamline (left), isotherm (center) and isoconcentration (right) patterns obtained numerically
for R = 200, ¢ = 1, Le = 10, a = 0 and: (@) n = 0.4, ¥ ,,ax = 4.05, ¥Y,in = 0, Nu = 12.53, Sh = 51.62; (b)
n =1, ¥Yynax = 257, Ynin = 0, Nu = 4.18, Sh = 13.79; (c) n = 1.6, Yax = 2.04, ¥Y1in = 0, Nu = 2.53,

Sh = 7.98.

vertical direction, and this independently of the values of
power-law index n. This behavior is the base of the analyti-
cal model developed below.

Parallel Flow Analysis

The approximate semianalytical solution is sought in the
limit of a tall vertical cavity (A>>1). In the central part of
the enclosure, the flow pattern can be assumed to be parallel
in the y-direction, such that only the velocity component v(x)
in that direction exists.

As a result, the stream function, temperature, and concen-
tration field must be, respectively, of the following form

Y(x,y) ~ ¥(x)
T(x,y) = Cry + 0r(x) (14)
S(x,y) = Csy + Os(x

~
~

where Cr and Cg are unknown constant temperature and
concentration gradients in the y-direction, respectively. Sub-
stituting Egs. 14 into Egs. 5-7, one obtains the following
system of ordinary differential equations

¥ |dv|"! d
dx [dx dx } - _RTﬁ(HT +¢0s) s)
*0r oY
e - oy (16)
90 oY
W = —(Le CS + (JCT) a (17)

Only one half plane (x > 0) needs to be considered,
because the core flow is cento symmetric about x = 0 and
y = 0. Therefore, the above equations can be rewritten as

d¥Y 1/ d¥Y
- [ >
I [—Rr(0r + ¢ 05)] for I 2 0 (18b)
d*0 " "
= —CrRy/" (07 + 9 05)" (19)
d*0s
dx2 = (Le CS —+ aCT) (GT + @ 95) (20)
subject to the following boundary conditions
d¥
x=0—=0; 0;=0;, 05=0 21
dx
1 dOr dOs dOr
=— ¥ =0: =1. —=(1- — 22
) e A

As discussed in the past by Bejan,® C; and Cg may be
obtained by considering an arbitrary control volume near the
end regions of the cavity. Energy and solute balances, in this
arbitrary control volume, are considered to find out the two
constants. In this way, it can be easily demonstrated that the
heat and solute transports across a transversal section, at any
y, are given by the following expressions

12 12

or ow

dx i —o
/a S A
“1)2 “1)2

1/2

| o5
L 95 - M=o (2
- 5 / / Sdr=0 (23)

“1)2 “1)2 “1)2

Substituting Egs. 14 into Egs. 23 and using the centrosym-
metric conditions, one obtains

1/

/ v,
O0x

0

1/2
Ordx (Cs—aCr) :—ZL/ — Ogdx

d¥Y 1/ d¥ 0

— = —[Ry(0 0 A — <0 18

——= ~[Rr(0r + 9 05)]" for — (182) 24)
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By guessing the values of Cy and Cy and the temperature
07(x) and concentration Og(x) distributions, Egs. 19, 20, and 24
together with boundary conditions, Eqs. 21 and 22, where
solved iteratively using the Simpson integration scheme. To
do so, Egs. 19 and 20 were discretized using a finite difference
procedure. The resulting equations were solved using an ADI
method. The calculation was repeated until the convergence
condition was met. The present semianalytical procedure is by
far less time consuming that the numerical procedure involved
in the solution of the full governing equations.

Dimensional Analysis

In this section, order of magnitude estimates for the two
limiting cases of heat-driven and solute-driven boundary
layer type natural double-diffusive convection will be
derived on the basis of scale analysis. The following deriva-
tions are based on the assumptions that A > 1 and that the
flow has a boundary layer structure with a stratified core
region (thermally and/or solutally).

Thermally driven boundary layer type convection

When the buoyancy ratio is small (¢ < 1), at sufficiently
high thermal Rayleigh number Ry, the buoyancy forces that
drive the fluid motion are mainly due to the temperature gra-
dients. Let ox be the thickness of the boundary layers, and
ov, 0T, and 6S be the velocity, temperature, and concentra-
tion changes across this layers. As a consequence of the
thermal and solutal boundary conditions considered in this
study, we have to deal with two different temperature scales.
The first one is 0T, the temperature variation across the ver-
tical boundary layer. The second one is AT, the temperature
difference between the upper and the lower boundaries,
which occurs over a length A. Thus, Cr = AT/A represents
the thermal gradient within the core region of the cavity.

From the thermal boundary condition imposed along the
vertical boundaries, Egs. 9, it follows that

oT
—n~ 1 25
o (25)
Applying the usual boundary layer approximation to Egs.
5 and 6, the momentum and energy equations yield
ov" oT oT
— ~Rpr— d o ~—
ox Tox vCr ox?
From the global balance of heat transport, Eq. 22, it fol-
lows that

(26)

ovoT ox~Crp 27)

Solving Eqs. 25-27 then gives

5)0\./(RT/},Z)—2/(3;1—%—2)7 5‘},\_/(167_/’1)3/(3n—¢—2)7 5\PN(RT/n)1/(3n+2)
5TN(RT/,Z)72/(3n+2)7 CTN(RT/n)71/<3”+2) (28)

From Egs. 12 and 28, the Nusselt number is obtained as
Nu~(Ry/n)% 32 (29)

If the Rayleigh number Ry is large enough, a boundary
layer of thickness dy will develop along the top and bottom
boundaries of the cavity. Let du and 6T be the velocity and
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temperature changes across this layer. From the conservation
of mass it is found that

oudy ~ évox (30)
while the momentum Eq. 5 yields

U ReoT 31)
oy

Also, the conservation of energy (Eq. 23) requires that
5T
— ~ ovoT ox (32)
dy

Solving Eqs. 31-33, it is readily found that

6yN(RT/n)71/(3n+2) 6MN(RT/H)2/(3I’!+2) WN(RT/H)72/(3H+2)
(33)

From the above results, it is clear that the vertical boundary
layer is considerably thinner than the horizontal one. Also, the
velocity and temperature changes across the vertical boundary
layers are more important that the corresponding values in the
horizontal boundary layers. On comparing Eqgs. 28 and 33, it
is observed that the dominating temperature change within the
cavity is the one occurring in the thermally stratified core
region, namely AT~ A(Ry/n)” /"2,

The concentration field convected by the flow induced by
the temperature gradients will be now predicted for the two
following limits:

Mass transfer rule by convection Le > 1

For this situation, as discussed by Alavyoon et al.,’ due to
the Neumann boundary conditions considered here the verti-
cal concentration boundary layer has the same thickness as
the hydrodynamic one, namely Jx. Also, assuming that AS is
the concentration difference between the upper and the lower
boundaries, the concentration gradient within the core region
is given by Cs = AS/A.

From the vertical solutal boundary conditions, Eq. 9, con-
sidered in this study we have

oS
=~ 34
S (34
The conservation of concentration, Eq. 17, requires that
oS
WCs ~Le ' — 35
vCs~Le =5 (35)

Substituting Eqgs. 28 and 34 into Eq. 35 yields
Cs ~ Le”"(Ry/n)~ /G2 (36)
As 6S ~ &x ~ (Ry/n) "> it follows from Eq. 13 that
the Sherwood number is of the order
Sh ~ (Ry/n)? "2 (37)

Mass transfer rule by convection Le < 1

For this situation, the horizontal profile of concentration is
not of the boundary layer type, but rather, is diffusive. Thus,
according to Eq. 23, it is readily found that
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Svdx~Le ' Cy (38)

as the horizontal concentration drops over the width of the
cavity is of O(1). Substituting Eq. 28 into Eq. 38 yields

Cs~Le(Ry/n)"/ ") (39)
while the Sherwood number for this diffusive situation is

Sh~1 (40)

Solute-driven boundary layer type convection

When the buoyancy ratio is sufficiently large (¢>>1), the
buoyancy forces that drive the flow are mainly due to the
gradient of concentration. Following the above procedure,
the following scales are obtained

5xN(RS/n)—2/(3n+2) 5u~(RS/n)2/(3"+2>5!//~Lefl (RS/I’!)I/<3"+2)
5SN(RS/n)—2/(3n+2) CSN(RS/H)—I/BthZ) ShN(RS/n)Z/(3n+2)

5yN(RS/n)7l/(3n+2)%N(Rs/n)72/(3n+2) (SVNLe_l (RS/n)3/(3n+2)
(41)
where Ry = @LeRr is the solutal Rayleigh number.

For Le>>1, that is, when the heat transfer is mainly by
conduction, it is found that

Cr~Le ' (Rg/n)"/C"+? (42)
and that

Nu~1 (43)

Similarly, for Le<1, that is, when the heat transfer rate is
due mainly by convection, one obtains

Cr~Le(Rs/n) /"2 (44)
while 0T~dx such that the Nusselt number is given by

Nu~(Ry /n)? Cm1) (45)

Results and Discussion

The effect of the governing parameters on the convective
heat and mass transfers, as predicted by the present semiana-
lytical solution, is now compared with the numerical results
obtained by solving the full governing equations. As
discussed above, for a tall cavity (A > 1), the governing
parameters of the problem are the Rayleigh number Ry,
buoyancy ratio ¢, power-law index n, Lewis number Le, and
parameter a. When the buoyancy ratio ¢ is positive (nega-
tive), the solutal forces act in the same (opposite) direction
than the thermal ones. The results reported in this study
cover the range 10<Ry/n< 103, —5<¢<10%
102<Le<10% and 02 <n < 1.8.

Figures 2a—c illustrate the effects of the thermal Rayleigh
number Ry and power-law index n on the strength of the
convective motion, W, and the heat and mass transfer, Nu
and Sh, respectively, for the case Le = 10, ¢ = 0, and a =
0. The semianalytical solution, displayed by solid lines, is
seen to be in excellent agreement with the numerical solu-
tion of the full governing equations, depicted by small
squares. Also depicted in the graphs are the predictions of
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Figure 2. The effects of the Rayleigh number R; and
index n in the power-law model on (a) maxi-
mum stream function ¥,,.x, (b) heat transfer
Nu, and (c) mass transfer Sh, for Le = 10,
¢ =0,anda =0.

the scaling analysis. The averaged coefficients of the scale
equations for the maximum stream function W ,.x, Eq. 27,
Nusselt number Nu, Eq. 29, and Sherwood number Sh, Eq.
37, which are only dependent of n, can be obtained from the
predictions of the parallel flow analysis. In this way, they
can be correlated into a function of n, in polynomial forms.
Thus, for thermally driven boundary layer flow (¢p<<1) and
mass transfer rule by convection (Le>>1), it is found that

Wi = [(1 4 4.2n — 1.2n%) /4] (Ry/n)"/ "2

Nu = [(0.5 + 7n — 2n%)/11) Ry /n)*/ "+ 46)
Sh=[(8.7 +9.5n — 1.2n%)/16] Ry /n)*/ "+

The above results are represented with dashed lines and it

is seen that the present scaling analysis is reasonably correct.
In general, Figure 2 indicates that, for a given value of n,
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when Ry is small enough, as expected convection is in the
pseudoconduction regime such that ., — 0, Nu — 1, and
Sh — 1. On increasing the Rayleigh number, the strength of
convection is promoted, such that the boundary layer regime
is quickly reached. This occurs at approximately
Rr/n =500, almost independently of the value of n. Natu-
rally, for a given value of the power-law index, the mass
transfer is larger than the heat transfer as Le is quite greater
than unity, such that the mass diffusivity of the solution is
smaller than the thermal one. Also, for a value of Ry/n
greater than about 10, Figure 2 shows that the strength of
circulation and the convective heat and mass transfer rates
are promoted on decreasing the power-law index n. How-
ever, it is noticed that for R;/n smaller than 10, this trend is
reversed.

Figures 3a— exemplify the effect of the buoyancy ratio ¢
and power-law index n on the strength of convection, ‘¥ .y,
and heat and solute transfer rates, Nu and Sh, respectively, for
Ry = 10%, Le = 2, and a = 0, that is, double-diffusive convec-
tion. Here, again the agreement between the semianalytical so-
lution and the numerical results is found to be very good. As
the buoyancy ratio ¢ is positive, it follows that the thermal
gradients and the solutal ones are coopering. The results indi-
cates that, in the limit of ¢ — 0, the convective motion within
the cavity is driven solely by the thermal gradients. The result-
ing values of W ,.x, Nu, and Sh, for a given n, are constants
that depend of the values of the governing parameters consid-
ered here. On increasing the value of ¢, the thermal regime is
maintained up to about ¢ = 0.5 x 1072 above which the
combined effects of the thermal and solutal buoyancy forces
enhance the strength of convection. Thus, above ¢ ~ 1, a
sharp increase of W.x, Nu, and Sh with ¢ is observed to
occur. For ¢ greater than a value that depends on n, the
boundary layer is reached for which the curves tend toward
straight lines. For a given value of ¢, compared with the
Newtonian fluids (n = 1), the strength of convection and the
corresponding values of Nu and Sh are less (more) intense
for larger (smaller) power-law index n > 1 (n < 1).

Figures 4a—c show the results obtained for the conditions
of Figure 3, but for ¢ = 1, that is, for Soret-induced convec-
tion. Naturally, in the limit of pure thermal convection (¢ —
0), the solution is the same as that reported above as for this
situation the flow regime is independent of the solutal effects
(i.e., a). On increasing the value of ¢, the thermal regime is
maintained up to about ¢ = 0.1 above which the strength of
convection W, and the Nusselt number drop sharply to
reach constant values for ¢ > 10. This behavior, which is
the opposite of the one reported above for double-diffusive
convection, is due to the fact that as the value of ¢ is
increased, the numerical results (not presented here) indicate
that the combined action of convection and the Soret effects
give rise to a vertical stabilizing solutal gradient. Conse-
quently, the convective motion within the cavity is drasti-
cally annihilated and the corresponding heat transfer
reduced. To interpret the behavior of Figure 4c, it must be
specified at this stage that the Sherwood number for a = 1
has not the same signification that for ¢ = 0. For double dif-
fusion, a flux of solute is imposed on the walls of the system
such that for this situation, the Sherwood number has it
usual meaning. However, for Soret-induced convection, the
solid walls are impermeable to solute. Thus, the Sherwood
number, as defined in Eq. 13, is merely an indication of the
redistribution within the cavity, induced by the Soret effect
and by convection, of the initially uniform concentration.
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Figure 3. The effects of the buoyancy ratio ¢ and index
in the power-law model n on (a) maximum
stream function, ¥ ,.x, (b) heat transfer, Nu,
and (c) mass transfer, Sh, for R+ = 100, Le =
2,anda = 0.
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Figures 5 and 6 show the effects of n on the vertical ve-
locity, v, temperature, 7, and concentration profiles, S, at the
midheight horizontal section of the layer (y = 0), for Ry =
200, ¢ = 1, Le = 2, and a = 0 and 1, respectively. Here
again, the excellent agreement between the solution of the
semianalytical parallel flow analysis, depicted by solid lines,
and the numerical results is observed. These profiles are anti-
symmetrical with respect to x such that the results are pre-
sented only for 0 < x < 0.5. As the porous medium is mod-
eled according to Darcy’s law, it is observed from Figures
5a and 6a that the velocity is maximum on the solid walls.
This follows from the fact that, according to this model, the
fluid is allowed to slip on a solid boundary. On increasing
the power-law index n, it is seen that the velocity in the vi-
cinity of the walls is considerably reduced, independently on
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for Soret-induced convection, the results are quite different
as it can be seen from Figure 6¢c. As already discussed, for
this situation, the concentration gradients does not result
from the imposition of a constant heat mass flux on the solid
walls but rather from a redistribution of initial uniform con-
stant concentration within the system. As a result, the effect
of n on the concentration is relatively weak on the solid
walls. Also, the vertical solutal gradient is observed to be
stabilizing.

The effect of varying the Lewis number Le and the
power-law index n on the strength of the convective motion,
Wiax, and the heat and mass transfer Nu and Sh are pre-
sented in Figures 7a, b, respectively, for Ry = 200, ¢ = 1,
and a = 0. Figure 7a indicates that, for small values of the
Lewis number, the effect of the power-law index on the
strength of convection is considerable. Thus, for Le = 1072,
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Figure 4. The effects of the buoyancy ratio ¢ and index
in the power-law model n on (a) maximum
stream function, ¥,,.x, (b) heat transfer, Nu,
and (c) mass transfer, Sh, for Rr= 100, Le =
2,anda =1.

the value of a. According to Eq. 8, an increase of n causes
an increase of the apparent viscosity u, whose slowing
down role on fluid motion is well-known. It results from
what precedes that, in general, compared to Newtonian case
(n = 1), the shear-thinning fluid (0 < n < 1) enhances the
strength of circulation and the convective heat and mass
transfer rates. On the other hand, the shear-thickening fluid
(n > 1) produces an opposite effect. The effect of n on the
temperature profiles is illustrated in Figures 5b and 6b. An
increase of n reduces the intensity of convection resulting in
an increase of the temperature on the walls so that the same
heat flux can be maintained through the system. Concerning
the concentration profiles, it is seen from Figure 5c that, in
the case of double-diffusive convection, similarly to the tem-
perature profiles, the concentration near the solid walls is
promoted with an increase of the power-law index. However,
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Figure 5. The effects of the Rayleigh number R; and
index in the power-law model n on (a) velocity,
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Figure 6. The effects of the Rayleigh number R; and
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it is found that W.x = 50.34 for n = 1 and W, = 101.96
(24.48) for n = 0.8(1.2). As expected, when Le — 0, Figure
7b reveals that the mass transfer is ruled by diffusion such
that Sh — 1, independently of the value of n. Similarly, the
Nusselt number tends toward a constant that depends on the
value of the power-law index. On increasing the value of the
Lewis number, it is found that ¥,,,x decreases monotonously
toward a constant value. Also, above Le =~ 10, it is seen that
Wax becomes independent of the power-law index. On the
other hand, the Sherwood number is considerably promoted
on increasing Le up to a value above which Sk becomes in-
dependent of the Lewis number. For large values of Le, the
influence n on the Sherwood number is observed to be con-
siderable. The effect of Le on the Nusselt number is quite
different. Thus, for small values of Le, Nu is almost inde-
pendent of the Lewis number. For intermediate values of Le
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and a given value of n, Nu is seen to increase first and then
to decrease down to a constant value, for sufficiently large
Lewis numbers.

Figure 8 illustrates the effects of the buoyancy ratio ¢ and
the power-law index n on the strength of the convective
motion W, for Ry = 20, Le = 10, and a = 0. For this sit-
uation, the value of the buoyancy ratio is controlled by the
strength of the solutal fluxes imposed on the vertical walls
of the enclosure. The buoyancy ratio is varied in the range
—5 to 5. This covers the spectrum from aided solutal-domi-
nated flow (¢ = 5), to purely thermal-dominated flow (¢ =
0), to opposed but solutal-dominated flow (¢ = —5). The
case (¢ = —1) corresponds to the particular situation where
the buoyancy forced induced by the thermal and solutal
effects is opposing each other and of equal intensity. For
this situation, as discussed by many authors for the case of
Newtonian ﬂuids,g_lz’”’18 the rest state is a possible solution
to the governing equations. However, convection may occur
above a subcritical Rayleigh number R$%, the value of which
depends on the governing parameters. In the present graph,
the Rayleigh number considered is above the subcritical
Rayleigh number such that W, > 0 when ¢ = — 1. For a
given value of n, Figure 8 indicates that when ¢ is above
zero, the thermal and solutal buoyancy forces act in the
same direction (aiding flow) giving rise to a counterclock-
wise flow circulation (W.x > 0). Increasing the buoyancy
ratio from O to 5, the flow becomes more and more domi-
nated by the mass species buoyant forces. When ¢ is below
zero, the thermal and solutal force act now in opposing
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Figure 7. The effects of the Lewis nhumber Le and index
in the power-law model n on (a) maximum
stream function, W..x, (b) heat and mass
transfer, Nu and Sh, for R = 500, ¢ = 1, and
a=0.
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5

directions. In the range —1 < ¢ <0, the thermal buoyancy
forces are clearly dominating the flow such that W.«
remains positive. Decreasing ¢ further, it is expected that
for sufficiently low values of this parameter, the flow circu-
lation will become clockwise (W ,.x < 0). The graph indi-
cates that this occurs approximately at ¢ < —1.75 for the
tree values of n considered here.

The transition between the unicellular counterclockwise
circulation and the unicellular clockwise circulation is illus-
trated in Figures 9 and 10 for the conditions of Figure 8 and
n= 0.6 and 1.4, respectively. Because of the thermal and
solutal conditions considered here the right side wall has a
higher temperature and concentration than the left wall. As a
result, the direction of the thermal flow is counterclockwise,
whereas the direction of the solutal flow is clockwise (coun-
terclockwise) for ¢ > 0 (¢ < 0). Figure 9a shows the
results obtained for a pseudoplastic fluid (n = 0.6), on
decreasing ¢ from zero to —1.30. The results indicate that
the unicellular flow proceeds counterclockwise indicating
that the thermal gradients, in the core of the cavity, are pre-
dominant over the opposing concentration ones. On decreas-
ing the buoyancy ratio down to ¢ = —1.76, Figure 9b indi-
cates that the flow consists now of a thermally driven coun-
terclockwise rotating cell, in the central part of the cavity
and two solutably driven clockwise circulations adjacent to
the cavity walls. This result implies that the thermal buoy-
ancy forces are still predominant even though the buoyancy
ratio is relatively greater than unity. However, this situation
is quite unstable, as on decreasing very slightly the buoyancy
ratio down to ¢ = —1.77, one obtains the flow pattern
depicted in Figure 9c. At this stage, a complete reversal of
the direction of the flow is achieved. The numerical results
indicate the existence of a unicellular motion rotating in the
clockwise direction driven by solutal buoyancy. Similar
results are presented in Figures 10a—c for a dilatant fluid (n
= 1.4). The results are similar, but the zone of transition
from unicellular counterclockwise thermally driven flow to
unicellular clockwise solutally dominated circulation extends
now from —1.70 < ¢ < —1.92.

Figure 11 illustrates the influence of the Rayleigh number
R7 and power-law index n on Cg, the dimensionless solute

===)

—

Figure 9. Stream function, temperature, and concentration lines for the transition between thermal-dominated and
solutal-dominated flows for R+ = 20, n = 0.6, Le = 10, a = 0 and: (a) ¢ = — 1.30, ¥Y\nax = 1.73, Y1nin = O,
Nu= 2.03, and Sh= 5.74; (b) ¢ = —1.76, ¥pax = —1.76, ¥rmin = —9.67 1072, Nu= 1.13, and Sh= 1.73; (c) ¢
= —1.77, Ymax = 0, ¥min = —9.74 10~2, Nu= 1.01, Sh= 1.58.
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Figure 10. Stream function, temperature, and concentration lines for the transition between thermal-dominated
and solutal-dominated flows for Ry = 20, n= 1.4, Le = 10, a = 0, and: (a) ¢ = —1.70, ¥Y;nax = 1.12, Y1in
= —1.69 1072, Nu= 1.36, and Sh=4.16; (b) ¢ = —1.90, ¥;1ax = —0.92, ¥\in = —0.14, Nu= 1.07, Sh= 3.13;
(c) ¢ = —1.92, ¥ ax = 0, Ymin = —0.12, Nu= 1.01, and Sh = 1.7.

gradient in the vertical direction, for Le = 10, ¢ = 0, and a =
1. This gradient is a measure of the separation of the solute of
the binary mixture, initially at uniform concentration. Thermal
diffusion effect in columns differentially heated is a process
that can be used in the industry of separation and as such has
been recently the subject of a few inV&:stigations.zL29 All
these studies indicate the existence of an optimum separation
condition that depends on the Rayleigh number, Lewis num-
ber, buoyancy ratio, type of thermal boundary conditions
imposed on the system, inclination of the system, and so forth.
However, up to now, only separations in Newtonian fluids
have been considered. The results obtained here for such a
fluid, n = 1, are qualitatively in agreement with what has
been reported in the past. Thus, the graph indicates that there
is a sharp maximum separation C7'**at an optimum value of
the Rayleigh number R}™. For Ry < R}, it is found that Cg
— 0 as the thermal diffusion (Soret effect) is predominant and
the species migrate in a direction perpendicular to the ther-
mally active walls. For RT>>R;‘", the results illustrate the fact
that Cy is also very small due to the intense mixing of the bi-
nary mixture resulting from the strong convective motion
induced by the high Rayleigh number. For Ry = Ry, the
combined effects of thermodiffussion and convection yield a
maximum separation for which Cs = C¢*. The influence of
power-law index n on the separation process, namely ROTlDt
and C¢™, is observed to be significant. Thus, it is found
that, for a given set of the governing parameter, on decreas-
ing (increasing) the value of n below (above) unity, the opti-
mum Rayleigh number R)™ increases (decreases). Also, it is
observed that a higher separation can be reached in the case
of pseudoplastic fluids (n < 1) than dilatants ones (n > 1).

Conclusions

Natural convection of a binary power-law fluid, in a tall
vertical porous layer subject to horizontal gradients of tem-
perature and solute, has been investigated both analytically
and numerically. The modified Darcy model of Pascal®* is
used for the momentum equation. The influence of the ther-
mal Rayleigh number Rz, buoyancy ratio ¢, Lewis number
Le, index parameter n, and parameter a, on the intensity of
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convection and heat and mass transfer, are predicted and dis-
cussed for a large range of the governing parameters. The
summary of the major results is:

1. A scale analysis of the governing equations has been
conducted to investigate the special cases of thermally
driven (¢ << 1) and solute-driven (¢ >> 1) flow regimes.
In the limit ¢ — 0, the heat transfer is of the order
Nuw(RT/n)z/ (1+2)  \whereas the mass transfer is of order
Sh~(R;/n)* "2 when it is ruled by convection (Le >> 1)
and of order 1 when it is ruled by conduction (Le<<1).
When the Rayleigh number is high enough, for a boundary
layer to develop along the top and bottom surfaces, the tem-
perature difference between the horizontal boundaries is of
the order ATNA(RT/n)fl/ (12) corresponding to a linear
vertical stratification. On the other hand, in the limit ¢ —
00, the mass transfer is of the order ShN(RS/n)Z/ (n+2)
where Rg = Ry ¢Le.
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Figure 11. The effects of the Rayleigh number R+ and
index in the power-law model n on Cs for Le
=10, =0,and a = 1.
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2. The parallel flow approximation, valid in the limit of
A >> 1, has been used to simplify the original set of govern-
ing partial differential equations. Although the resulting set
of ordinary differential equations is considerably simpler, it
has not been possible to obtain a closed form solution.
Nevertheless, these equations have been solved numerically
using a finite difference procedure. Although, the resulting
semianalytical model requires a numerical procedure, this is
by far a much easier task than solving numerically the origi-
nal full set of governing equations.

3. The influence of the flow behavior index n and the Ray-
leigh number Rz on the fluid flow and heat and mass transfer
rates has been demonstrated to be significant. Both the semian-
alytical and the numerical results indicate that there is a
threshold parameter, Ry/n, the value of which depend of the
governing parameters ¢, Le, and a. Below this threshold, con-
vection is relatively low and it is found that on increasing the
value of n, the strength of circulation and the heat and mass
transfers are enhanced. Above this threshold, the strength of
convection is relatively high, this behavior is reversed. Most
of the available results in literature are concerned with this last
situation for which it is reported that, compare to Newtonian
case (n = 1), the shear-thinning fluid (0 < n < 1) exhibits an
enhancement of the strength of circulation and the convective
heat and mass transfer rates while the shear-thickening fluid (n
> 1) produces an opposite effect.

4. For negative values of the buoyancy ratio parameter,
the range of the transition between the unicellular thermally
induced circulation and the unicellular solutally induced cir-
culation depends considerably upon the power-law index n
of the non-Newtonian binary solution.

5. The influence of power-law index n on the separation
process by the Soret effect of the solute in the binary solution
is demonstrated to be significant. In particular, it is found that
a higher separation can be reached in the case of shear-thin-
ning fluids (n < 1) than shear-thickening ones (n > 1).

The main features, predicted by the semianalytical solu-
tion, were confirmed by numerical simulation of the full
governing equations.

Notation

A = aspect ratio of the enclosure, A = H’ / L
a = integer number
Cs = dimensionless solute gradient in y-direction
Cr = dimensionless temperature gradient in y-direction
D = isothermal diffusion coefficient, m?/s
D' = thermodiffusion coefficient, m*/(s K)
¢ = gravitational acceleration, m/s
H' = height of enclosure, m
J' = constant solute flux per unit area, kg/(m s)
k' = thermal conductivity, W/(m K)
K' = permeability of porous medium, m
L' = thickness of the enclosure, m
Le = Lewis number, o/D
n = power-law index
N = mass fraction of the reference component
Ny = initial mass fraction of the reference component
Nu = Nusselt number, Eq. 12
¢’ = constant heat flux per unit area, W/ /m?
Ry = thermal Rayleigh number, K pogﬁ AT’ (L' Jo)" e
S = normalized mass fraction, N/AN
Sh = Sherwood number, Eq. 13
AS = characteristic mass fraction
component
T = dimensionless temperature
AT = characteristic temperature difference, ¢'L'/k
u = dimensionless velocity x-component

difference of the reference
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v = dimensionless velocity y-component
x, y = Cartesian coordinates measured from the center of cavity

Greek letters

o = fluid thermal diffusivity, m2/s
Py = mass species expansion coefficient
P = thermal expansion coefficient, K™
¥ = dimensionless stream function, P/
p = density of fluid, kg/m>
¢ = parameter in power-law model, Pa s" /m"~!
¢ = porosity of the porous medium
buoyancy ratio, ﬁNAN / By AT
U, = apparent viscosity in power-law model, Pa s
W = consistency index, Pa s"
= normalized porosity of the porous medium, ¢/o

2.8
Il

n—1

RN

Superscrlpt
" = dimensional quantities
Subscripts

o = refers to the value taken at the centre of the cavity
¢ = refers to critical conditions
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